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aving talked about what Turing machines can do, we now look at
what they cannot do. Although Turing's thesis leads us to believe
that there are few limitations to the power of a Turing machine,
we have claimed on several occasions that there could not exist
any algorithms for the solution of certain problems. Now we
make more explicit what we mean by this claim. Some of the results came
about quite simply;if a language is nonrecursive, then by definition there is
no membership algorithm for it. If this were all there was to this issue, it
would not be very interesting; nonrecursive languages have little practical
value. But the problem goes deeper. For example, we have stated (but not
yet proved) that there exists no algorithm to determine whether a context-
free grammar is unambiguous. This question is clearly of practical
significance in the study of programming languages.

We first define the concepts of G HF L G Duked LFORLRAS\ X W DoEpinC
down what we mean when we say that something cannot be done by a
Turing machine. We then look at several classical problems of this type,
among them the well-known halting problem for Turing machines. From
this follow a number of related problems for Turing machines and
recursively enumerable languages. After this, we look at some questions
relating to context-free languages. Here we find quite a few important
problems for which, unfortunately, there are no algorithms.
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The argument that the power of mechanical computations is limited is not
surprising. Intuitively we know that many vague and speculative questions
require special insight and reasoning well beyond the capacity of any
computer that we can now construct or even foresee. What is more
interesting to computer scientists is that there are questions that can be
clearly and simply stated, with an apparent possibility of an algorithmic
solution, but which are known to be unsolvable by any computer.
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In Definition 9.4, we stated that a function lon a certain domain is said to
be computable if there exists a Turing machine that computes the value of |
for all arguments in its domain. A function is uncomputable if no such
Turing machine exists. There may be a Turing machine that can compute |
on part of its domain, but we call the function computable only if there is a
Turing machine that computes the function on the whole of its domain. We
see from this that, when we classify a function as computable or not
computable, we must be clear on what its domain is.

Our concern here will be the somewhat simplified setting where the
result of a computation is a simple “yes” or “no.” In this case, we talk about
a problem being GHFLGd BOHGHFLGY &ECHR E O heP will
understand a set of related statements, each of which must be either true or
false. For example, we consider the statement “For a context-free grammar
*, the language / ( *) is ambiguous.” For some * this is true, for others it is
false, but clearly we must have one or the other. The problem is to decide
whether the statement is true for any * we are given. Again, there is an
underlying domain, the set of all context-free grammars. We say that a
problem is decidable if there exists a Turing machine that gives the correct
answer for every statement in the domain of the problem.

When we state decidability or undecidability results, we must always
know what the domain is, because this may affect the conclusion. The
problem may be decidable on some domain but not on another. Specifically,
a single instance of a problem is always decidable, since the answer is
either true or false. In the first case, a Turing machine that always answers
“true” gives the correct answer, while in the second case one that always



answers “false” is appropriate. This may seem like a facetious answer, but it
emphasizes an important point. The fact that we do not know what the
correct answer 1s makes no difference; what matters is that there exists
some Turing machine that does give the correct response.
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We begin with some problems that have historical significance and that at
the same time give us a starting point for developing later results. The best-
known of these is the Turing machine K D O V8 BE D Blilply stated, the
problem is: Given the description of a Turing machine O and an input Z
does O, when started in the initial configuration | Z perform a

computation that eventually halts? Using an abbreviated way of talking
about the problem, we ask whether O applied to w, or simply ( 0, 2, halts
or does not halt. The domain of this problem is to be taken as the set of all
Turing machines and all Z that is, we are looking for a single Turing
machine that, given the description of an arbitrary O and Z will predict
whether or not the computation of O applied to Zwill halt.

We cannot find the answer by simulating the action of O on Z say by
performing it on a universal Turing machine, because there is no limit on
the length of the computation. If O enters an infinite loop, then no matter
how long we wait, we can never be sure that O is in fact in a loop. It may
simply be a case of a very long computation. What we need is an algorithm
that can determine the correct answer for any O and Zby performing some
analysis on the machine's description and the input. But as we now show, no
such algorithm exists.

For subsequent discussion, it is convenient to have a precise idea of
what we mean by the halting problem; for this reason, we make a specific
definition of what we stated somewhat loosely above.

'"HILQLWLRQ

Let Z, be a string that describes a Turing machine 0 = (4,Z,1,5, §,0,) ),
and let Zbe a string in O’s alphabet. We will assume that Z; and Z are



encoded as a string of 0’s and 1’s, as suggested in Section 10.4. A solution
of the halting problem is a Turing machine + which for any Z; and Z

performs the computation
gowpw F r1gyra
if O applied to Zhalts, and

o
gowprw F Y1 Gne

if O applied to Zdoes not halt. Here Tyand Taare both final states of +.

TKHRP

There does not exist any Turing machine + that behaves as required by
Definition 12.1. The halting problem is therefore undecidable.

3 R RWe assume the contrary, namely, that there exists an algorithm, and
consequently some Turing machine +, that solves the halting problem. The
input to + will be the string Zy Z The requirement is then that, given any

Zy Z the Turing machine + will halt with either a yes or no answer. We

achieve this by asking that + halt in one of two corresponding final states,
say, Tyor TgThe situation can be visualized by a block diagram like Figure

12.1. The intent of this diagram 1s to indicate that, if +1s started in state |
with input Zg Z it will eventually halt in state T, or Tg As required by
Definition 12.1, we want +to operate according to the following rules:

Ed
gownmw FrT1gyTe

if O applied to Zhalts, and
qownrw FH y1gny2

if O applied to Zdoes not halt.



Next, we modify + to produce a Turing machine + fwith the structure
shown in Figure 12.2. With the added states in Figure 12.2 we want to
convey that the transitions between state T, and the new states Tpand Tgare

to be made, regardless of the tape symbol, in such a way that the tape
remains unchanged. The way this is done is straightforward. Comparing +
and + fve see that, in situations where +reaches T, and halts, the modified

machine + ffwill enter an infinite loop. Formally, the action of + s
described by

£
gowpw g oo

if O applied to Zhalts, and

qowprw g thanya
if O applied to Zhalts, and
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From + we construct another Turing machine H. This new machine
takes as input Zy and copies it, ending in its initial state . After that, it

behaves exactly like + . Then the action of H is such that
o pr |_H Qo pr Wag |_H o0

if O applied to Z; halts, and

*# £
qgownr Fg downmwy b v1dnys

if O applied to Z; does not halt.

Now H is a Turing machine, so it has a description in {0,1}*, say, .
This string, in addition to being the description of H, also can be used as
input string. We can therefore legitimately ask what would happen if H is
applied to @ From the above, identifying O with H, we get

got IiH 00
if H applied to @ halts, and
qott |ig U1qnY2
if i applied to @ does not halt. This is clearly nonsense. The contradiction

tells us that our assumption of the existence of +, and hence the assumption
of the decidability of the halting problem, must be false. m



One may object to Definition 12.1, since we required that, to solve the
halting problem, +had to start and end in very specific configurations. It is,
however, not hard to see that these somewhat arbitrarily chosen conditions
play only a minor role in the argument, and that essentially the same
reasoning could be used with any other starting and ending configurations.
We have tied the problem to a specific definition for the sake of the
discussion, but this does not affect the conclusion.

It is important to keep in mind what Theorem 12.1 says. It does not
preclude solving the halting problem for specific cases; often we can tell by
an analysis of O and Zwhether or not the Turing machine will halt. What
the theorem says is that this cannot always be done; there is no algorithm
that can make a correct decision for all Zyand Z

The arguments for proving Theorem 12.1 were given because they are
classical and of historical interest. The conclusion of the theorem is actually
implied in previous results as the following argument shows.

TKHRWP

If the halting problem were decidable, then every recursively enumerable
language would be recursive. Consequently, the halting problem is
undecidable.

3 R RTo see this, let / be a recursively enumerable language on X, and let
O be a Turing machine that accepts L. Let + be the Turing machine that
solves the halting problem. We construct from this the following procedure:

Apply +to Zy Z If +says “no,” then by definition Zis notin /.

If +says “yes,” then apply O to Z But O must halt, so it will eventually
tell us whether Zis in / or not.

This constitutes a membership algorithm, making / recursive. But we
already know that there are recursively enumerable languages that are not
recursive. The contradiction implies that + cannot exist, that is, that the
halting problem is undecidable. m



The simplicity with which the halting problem can be obtained from
Theorem 11.5 is a consequence of the fact that the halting problem and the
membership problem for recursively enumerable languages are nearly
identical. The only difference is that in the halting problem we do not
distinguish between halting in a final and nonfinal state, whereas in the
membership problem we do. The proofs of Theorem 11.5 (via Theorem
11.3) and 12.1 are closely related, both being a version of diagonalization.
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The above argument, connecting the halting problem to the membership
problem, illustrates the very important technique of reduction. We say that a
problem $is WH G X koth @roblem %if the decidability of $follows from
the decidability of B. Then, if we know that $ is undecidable, we can
conclude that %as also undecidable. Let us do a few examples to illustrate
this 1dea.

([DPSOH

The VWD W HSBE@Wid & follows. Given any Turing machine 0 =
(4X8, 1,0,)) and any Te 4, Ze X7, decide whether or not the state Tis
ever entered when O is applied to Z This problem is undecidable.

To reduce the halting problem to the state-entry problem, suppose that

we have an algorithm $that solves the state-entry problem. We could then
use it to solve the halting problem. For example, given any O and Z we

first modify O to get M-in such a way that M- halts in state Tif and only if
O halts. We can do this simply by looking at the transition function 6 of O.

If O halts, it does so because some o( T, D) is undefined. To get "U', we
change every such undefined 9 to

o( T, D=(TDS,



where Tis a final state. We apply the state-entry algorithm $to ("U', T2. If
$answers yes, that is, the state Tis entered, then ( 0, 2) halts. If $says no,
then ( 0, 24 does not halt.

Thus, the assumption that the state-entry problem is decidable gives us
an algorithm for the halting problem. Because the halting problem is
undecidable, the state-entry problem must also be undecidable.

([DPSOH

The E O D Q N KDDIHIBEIO 1kl #hother problem to which the halting
problem can be reduced. Given a Turing machine O, determine whether or
not O halts if started with a blank tape. This is undecidable.

To show how this reduction is accomplished, assume that we are given
some O and some Z We first construct from O a new machine O 7 that

starts with a blank tape, writes Z on it, then positions itself in a
configuration T, Z After that, O acts like O . Clearly O, will halt on a

blank tape if and only if O halts on Z

Suppose now that the blank-tape halting problem were decidable. Given
any ( 0, 2, we first construct O » then apply the blank-tape halting problem

algorithm to it. The conclusion tells us whether O applied to Z will halt.
Since this can be done for any O and Z an algorithm for the blank-tape
halting problem can be converted into an algorithm for the halting problem.
Since the latter is known to be undecidable, the same must be true for the
blank-tape halting problem.

The construction in the arguments of these two examples illustrates an
approach common in establishing undecidability results. A block diagram
often helps us visualize the process. The construction in Example 12.2 is
summarized in Figure 12.3. In that diagram, we first use an algorithm that
transforms ( 0, dinto O ; such an algorithm clearly exists. Next, we use
the algorithm for solving the blank-tape halting problem, which we assume
exists. Putting the two together yields an algorithm for the halting problem.
But this is impossible, and we can conclude that $cannot exist.
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Algorithm for the halting problem.

Halts

. Blank-tape :
M Ginsate: | MG Lies F Hales
Iﬂ“‘ ﬂlgorizhm A = Dloes not halt
Does not
halt

A decision problem is effectively a function with a range {0,1}, that is,
a true or false answer. We can look also at more general functions to see if
they are computable; to do so, we follow the established method and reduce
the halting problem (or any other problem known to be undecidable) to the
problem of computing the function in question. Because of Turing's thesis,
we expect that functions encountered in practical circumstances will be
computable, so for examples of uncomputable functions we must look a
little further. Most examples of uncomputable functions are associated with
attempts to predict the behavior of Turing machines.

([DPSOH

Let I' = {0,1,0}. Consider the function |( Q whose value is the maximum
number of moves that can be made by any @state Turing machine that halts
when started with a blank tape. This function, as it turns out, is not
computable.

Before we set out to demonstrate this, let us make sure that |( Qis
defined for all QNotice first that there are only a finite number of Turing
machines with (Xtates. This is because 4 and I' are finite, so 0 has a finite
domain and range. This in turn implies that there are only a finite number of
different &’s and therefore a finite number of different n-state Turing
machines.



Of all of the (ktate machines, there are some that always halt, for
example machines that have only final states and therefore make no moves.
Some of the @tate machines will not halt when started with a blank tape,
but they do not enter the definition of |. Every machine that does halt will
execute a certain number of moves; of these, we take the largest to give |

(Q

Take any Turing machine O and positive number P. It is easy to modify

0 to produce M- in such a way that the latter will always halt with one of
two answers: O applied to a blank tape halts in no more than P moves, or
O applied to a blank tape makes more than Pmoves. All we have to do for
this is to have O count its moves and terminate when this count exceeds P.
Assume now that I( Qis computable by some Turing machine ) . We can

then put M- and ) together as shown in Figure 12.4. First we compute |
(| 4)), where 4 is the state set of O . This tells us the maximum number of
moves that O can make if it is to halt. The value we get is then used as Pto

M. : . M . . .
construct as outlined, and a description of " is given to a universal
Turing machine for execution. This tells us whether O applied to a blank
tape halts or does not halt in less than (| 4|) steps. If we find that O applied
to a blank tape makes more than | (| 4]) moves, then because of the
definition of | the implication is that O never halts. Thus we have a
solution to the blank-tape halting problem. The impossibility of the
conclusion forces us to accept that lis not computable.

)L J XU

Algorithm for the blank-tape halting problem.



M halts in
i steps.

»Halts

Construct M M
M 2 I 4
= Does not halt

’_' M does not

halt in = steps.
J m=£(0|)
F

M

(; (5&,6(6

Describe in detail how + in Theorem 12.1 can be modified to produce
+.

Suppose we change Definition 12.1 to require that guwnw F gyw
or ewmw ToZ depending on whether O applied to Z halts or not.

Reexamine the proof of Theorem 12.1 to show that this difference in the
definition does not affect the proof in any significant way.

Show that the following problem is undecidable. Given any Turing
machine 0, DET, and Z€ X", determine whether or not the symbol DOis
ever written when O is applied to Z

In the general halting problem, we ask for an algorithm that gives the
correct answer for any O and w. We can relax this generality, for
example, by looking for an algorithm that works for all O but only a
single Z We say that such a problem is decidable if for every Zthere
exists a (possibly different) algorithm that determines whether or not
(0, D halts. Show that even in this restricted setting the problem is
undecidable.

Show that there is no algorithm to decide whether or not an arbitrary
Turing machine halts on all input.



Consider the question: “Does a Turing machine in the course of a
computation revisit the starting cell (i.e., the cell under the read-write

head at the beginning of the computation)?” Is this a decidable
question?

Show that there is no algorithm for deciding if any two Turing machines
0, and 0O, accept the same language.

How is the conclusion of Exercise 7 affected if O, is a finite automaton?

Is the halting problem solvable for deterministic pushdown automata;

that 1s, given a pda as in Definition 7.3, can we always predict whether
or not the automaton will halt on input Z"

Let O be any Turing machine and [ and \two possible instantaneous
descriptions of it. Show that the problem of determining whether or not

*
r by

1s undecidable.

In Example 12.3, give the values of 1(1) and 1(2).

Show that the problem of determining whether a Turing machine halts
on any input is undecidable.

Let %be the set of all Turing machines that halt when started with a

blank tape. Show that this set is recursively enumerable, but not
recursive.

Consider the set of all n-state Turing machines with tape alphabet I' =

{0,1,0}. Give an expression for H Q the number of distinct Turing
machines with this I

Let I'= {0,1,0} and let E Q be the maximum number of tape cells
examined by any @state Turing machine that halts when started with a
blank tape. Show that H Qis not computable.

Determine whether or not the following statement is true: Any
problem whose domain is finite is decidable.
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We have determined that there is no membership algorithm for recursively
enumerable languages. The lack of an algorithm to decide on some property
is not an exceptional state of affairs for recursively enumerable languages,
but rather is the general rule. As we now show, there is little we can say
about these languages. Recursively enumerable languages are so general
that, in essence, any question we ask about them is undecidable. Invariably,
when we ask a question about recursively enumerable languages, we find
that there is some way of reducing the halting problem to this question. We
give here some examples to show how this is done and from these examples
derive an indication of the general situation.

TKHRWP

Let * be an unrestricted grammar. Then the problem of determining
whether or not

[(*)=0

1s undecidable.

3 BR RWe will reduce the membership problem for recursively enumerable
languages to this problem. Suppose we are given a Turing machine O and
some string w. We can modify O as follows. O first saves its input on some
special part of its tape. Then, whenever it enters a final state, it checks its
saved input and accepts it if and only if it is Z We can do this by changing
d in a simple way, creating for each Za machine O ,such that

1(0x)=1(0){Z.

Using Theorem 11.7, we then construct a corresponding grammar *

Clearly, the construction leading from O and Zto * ;can always be done.
Equally clear is that / ( * 5) is nonempty if and only if Z€ /( 0).



Assume now that there exists an algorithm $ for deciding whether or
not /(*) = Q. If we let 7denote an algorithm by which we generate * -,

then we can put 7and $together as shown in Figure 12.5. Figure 12.5 is a
Turing machine that for any O and Ztells us whether or not Zis in / ( 0).
If such a Turing machine existed, we would have a membership algorithm
for any recursively enumerable language, in direct contradiction to a
previously established result. We conclude therefore that the stated problem
“/(*)=0 " 1isnot decidable. m

|
YL J KU
Membership algorithm.
L(Gw} not empty )
Maw | | Construct G, Emptiness 2 L
G algorithm 4 wg LiM)
& L(G,,) empty
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Let O be any Turing machine. Then the question of whether or not / ( 0) is
finite 1s undecidable.

3 B RConsider the halting problem ( 0, 4. From O we construct another

Turing machine M- that does the following. First, the halting states of O are

changed so that if any one is reached, all input is accepted by " This can
be done by having any halting configuration go to a final state. Second, the

e

original machine is modified so that the new Machine M. first generates Z
on its tape, then performs the same computations as 0, using the newly
created Z and some otherwise unused space. In other words, the moves



e,

made by M- after it has written Zon its tape are the same as would have
been made by O had it started in the original configuration | Z If O halts

e

in any configuration, then M- Will halt in a final state.

e,

Therefore, if (0, 2 halts, M will reach a final state for all input. If
( 0, 2 does not halt, then M Wil not halt either and so will accept nothing.

In other Words,M' accepts either the infinite language X* or the finite
language Q.

If we now assume the existence of an algorithm $that tells us whether

e

or not / (M') 1s finite, we can construct a solution to the halting problem as
shown in Figure 12.6. Therefore, no algorithm for deciding whether or not
/ ( 0) is finite can exist.m

)L J XU

LiM) finite

Maw Generate A 'Binieivds Dioes not halt
M algorithm 4 Halts

L.’ﬂ:ﬂ not finite

Notice that in the proof of Theorem 12.4, the specific nature of the
question asked, namely “Is / ( O) finite?”, is immaterial. We can change the
nature of the problem without significantly affecting the argument.

([DPSOH

Show that for an arbitrary Turing machine O with ¥ = { D E, the problem
“/ (0) contains two different strings of the same length” is undecidable.



To show this, we use exactly the same approach as in Theorem 12.4,

except that when M. reaches a halting configuration, it will be modified to
accept the two strings Dand E For this, the initial input is saved and at the
end of the computation compared with Dand E accepting only these two

strings. Thus, if (0, 2 halts, M will accept two strings of equal length,

otherwise " will accept nothing. The rest of the argument then proceeds as
in Theorem 12.4.

In exactly the same manner, we can substitute other questions such as
“Does / (0) contain any string of length five?” or “Is / ( 0) regular?”
without affecting the argument essentially. These questions, as well as
similar questions, are all undecidable. A general result formalizing this is
known as 5 L F V¥ H RThis theorem states that any nontrivial property
of a recursively enumerable language is undecidable. The adjective
“nontrivial” refers to a property possessed by some but not all recursively
enumerable languages. A precise statement and a proof of Rice's theorem
can be found in Hopcroft and Ullman (1979).

(; (5&,6(6

Show in detail how the machine B in Theorem 12.4 is constructed.

Show that the two problems mentioned at the end of the preceding
section, namely

(a) / (0) contains any string of length five,
(b) /(0) is regular,

are undecidable.

Let O, and O, be arbitrary Turing machines. Show that the problem
“/(0y) € (0,) ” is undecidable.



Let * be any unrestricted grammar. Does there exist an algorithm for
determining whether or not /( *) °is recursively enumerable?

Let * be any unrestricted grammar. Does there exist an algorithm for
determining whether or not /( *)= /(*)%?

Let *; be any unrestricted grammar, and *, any regular grammar. Show
that the problem

I(*Dn 1(*) =9
1s undecidable.

Show that the question in Exercise 6 is undecidable for any fixed *,, as
long as /(* ,) is not empty.

For an unrestricted grammar G, show that the question “Is /(*) =
/(*)*?” is undecidable. Argue (a) from Rice's theorem and (b) from
first principles.
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The undecidability of the halting problem has many consequences of
practical interest, particularly in the area of context-free languages. But in

many instances it is cumbersome to work with the halting problem directly,

and it is convenient to establish some intermediate results that bridge the

gap between the halting problem and other problems. These intermediate

results follow from the undecidability of the halting problem, but are more

closely related to the problems we want to study and therefore make the

arguments easier. One such intermediate result is the SRWVWRHWUS R Q (
SBEQHP

The Post correspondence problem can be stated as follows. Given two
sequences of (@trings on some alphabet X, say

$= 2,2,... 2,

and



% Y, Y,..., Y,

we say that there exists a Post correspondence solution (PC-solution) for
pair ( § %if there is a nonempty sequence of integers M., Nsuch that

2.2 Zoe M Yy

The Post correspondence problem is to devise an algorithm that will tell us,
for any ($ )%whether or not there exists a PC-solution.

([DPSOH

Let X = {0,1} and take $and %Yas

wy = 11, we = 100, wg = 111,
vy = 111,09 = 001, v3 = 11.

For this case, there exists a PC-solution as Figure 12.7 shows.

) L J¥U

If we take
wy = 00, we = 001, wg = 1000,

vy — 0y = 11, wy—= 011

there cannot be any PC-solution simply because any string composed of
elements of $will be longer than the corresponding string from %

In specific instances we may be able to show by explicit construction
that a pair ( § % permits a PC-solution, or we may be able to argue, as we
did previously, that no such solution can exist. But in general, there is no



algorithm for deciding this question under all circumstances. The Post
correspondence problem is therefore undecidable.

To show this is a somewhat lengthy process. For the sake of clarity, we
break it into two parts. In the first part, we introduce the PRGLIB R
FRHUVSRQ GHREPHW®say that the pair ( § % has a modified Post
correspondence solution (MPC solution) if there exists a sequence of
integers | .M., Nsuch that

Z27...3= YYY-- X

In the modified Post correspondence problem, the first elements of the
sequences $and Yplay a special role. An MPC solution must start with Z

on the left side and with Y on the right side. Note that if there exists an
MPC solution, then there is also a PC solution, but the converse is not true.

The modified Post correspondence problem is to devise an algorithm for
deciding if an arbitrary pair ( § %padmits an MPC solution. This problem is
also undecidable. We will demonstrate the undecidability of the moditfied
Post correspondence problem by reducing a known undecidable problem,
the membership problem for recursively enumerable languages, to it. To
this end, we introduce the following construction. Suppose we are given an
unrestricted grammar * = (9 7 63 and a target string Z With these, we
create the pair (A, B) as shown in Figure 12.8. In Figure 12.8, the string ) 6
= is to be taken as Z and the string ) as Y. The order of the rest of the

strings is immaterial.
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A B
FS = F Fis a symbol notin FUT
a a for everya €T
¥ v, for cvery Ve V
E =S wE Eis a symbol notin PUT
¥ x, for every x; =y, in P
=] =

We want to claim eventually that Z€ /( *) if and only if the sets $and
Yconstructed in this way have an MPC solution. Since this is perhaps not
immediately obvious, let us illustrate it with a simple example.

([DPSOH

Let * =({ § %&,{ DEE}, 6 3 with productions

S — aABb Bbb,
Bh — C,
AC — aae,

and take Z= D D.DIRe sequences $and %Yobtained from the suggested
construction are given in Figure 12.9. The string Z= DD B /(*) and
has a derivation

6= D$S%ED$& DDDF



How this derivation is paralleled by an MPC solution with the constructed
sets can be seen in Figure 12.10, where the first two steps in the derivation
are shown. The integers above and below the derivation string show the
indices for Zand Yrespectively, used to create the string.

Examine Figure 12.10 carefully to see what is happening. We want to
construct an MPC solution, so we must start with Z;, that is, ) 6=. This

string contains § so to match it we have to use Y, or Y;. In this instance,
we use v10; this brings in 7, leading us to the second string in the partial
derivation. Looking at several more steps, we see that the string Z; Z,Z,,.1s
always longer than the corresponding string Y YY,.and that the first is

exactly one step ahead in the derivation. The only exception is the last step,
where Z, must be applied to let the v-string catch up. The complete MPC

solution 1s shown in Figure 12.11. The construction, together with the
example, indicates the lines along which the next result is established.

)L J XU
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4 ¢ ]

5 A A

6 B B

g C [

b 5 s

9 E = aaacE
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11 BEE 3
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13 aac AC
14 o oy
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Let * = (9 7 6 3 be any unrestricted grammar, with Zany string in 7. Let
( § %be the correspondence pair constructed from * and Zbe the process
exhibited in Figure 12.8. Then the pair (A, B) permits an MPC solution if
and only if Z€ /(*).

3 R R The proof involves a formal inductive argument based on the
outlined reasoning. We will omit the details.m

With this result, we can reduce the membership problem for recursively
enumerable languages to the modified Post correspondence problem and
thereby demonstrate the undecidability of the latter.

KHRP

The modified Post correspondence problem is undecidable.



3 R RGiven any unrestricted grammar * = (9763) and Z€ 7, we

construct the sets $and %as suggested above. By Theorem 12.5, the pair
($ Yhas an MPC solution if and only if Z€ /(*).

Suppose now we assume that the modified Post correspondence
problem is decidable. We can then construct an algorithm for the
membership problem of * as sketched in Figure 12.12. An algorithm for
constructing $ from %from * and Z clearly exists, but a membership
algorithm for

YL J XU
Membership algorithm.
C Construct A4 AB L we L(G)
— L e cand Basin : MPC algorithm _
. 8. = we L(G)
Figure 12 No MPC solution

* and Zdoes not. We must therefore conclude that there cannot be any
algorithm for deciding the modified Post correspondence problem. m

With this preliminary work, we are now ready to prove the Post
correspondence problem in its original form.

/KHRP

The Post correspondence problem is undecidable.

3 BR RWe argue that if the Post correspondence problem were decidable,
the modified Post correspondence problem would be decidable.

Suppose we are given sequences $= Z,%..., Zgand %= Y, ¥..., Yoon

some alphabet . We then introduce new symbols § and & and the new
sequences



C' = Yo, Y1y oy Unt1s
D= Z0: 21y eney Emt1,

defined as follows. For I=1, 2,... Q

y; = wilwial- - ?*'-’-s'.m;h-

zi = Quirfveng - - Uiy

where Z apd Y dgenote the M letter of Zjand Y respectively, and P =|Z],
Y= | Y. In words, \ is created from Z, by appending % to each character,
while ],is obtained by prefixing each character of Ywith & To complete the
definition of &and ', we take

yo = fur,
Yn+1 = >§

0 = 21,
“nt+l = hg.

Consider now the pair ( & '), and suppose it has a PC solution. Because of
the placement of f and ¥, such a solution must have \ on the left and \q on

the right and so must look like

YL J KU
MPC algorithm.
P solution
= MPC solution
A Cm}lstruct D PC algorithm
¢ D - Mo MPC sclution
Neo PC zolution

\,.1 on the right and so must look like

')

hwigfung - -~ Bwial - - bwgs - - - 08 = benbore - - - bogall- - - boga - - 8.

Ignoring the characters f and & we see that this implies



so that the pair (A, B) permits an MPC solution.

We can turn the argument around to show that if there is an MPC

solution for ( § %then there is a PC solution for the pair (& ").

Assume now that the Post correspondence problem is decidable. We can

then construct the machine shown in Figure 12.13. This machine clearly
decides the modified Post correspondence problem. But the modified Post
correspondence problem is undecidable; consequently, we cannot have an
algorithm for deciding the Post correspondence problem. m

(; (5&,6(6

Let $= {001, 0011,11,101} and % {01, 111, 111, 010}. Does the pair
( & Y%have a PC solution? Does it have an MPC solution?

Provide the details of the proof of Theorem 12.5.

Show that for [X| = 1, the Post correspondence problem is decidable, that
is, there is an algorithm that can decide whether or not ( § %has a PC
solution for any given ( § %on a single-letter alphabet.

Suppose we restrict the domain of the Post correspondence problem to
include only alphabets with exactly two symbols. Is the resulting
correspondence problem decidable?

Show that the following modifications of the Post correspondence
problem are undecidable.

(a) There 1s an MPC solution if there is a sequence of integers such
that ZLZM' ZNZ = YLYM YNY

(b) There is an MPC solution if there is a sequence of integers such

The correspondence pair (A, B) is said to have an H Y B(Qsolution if
and only if there exists a nonempty sequence of even integers M. N



such that Z,Zy. Zy= YYg Yy Show that the problem of deciding

whether or not an arbitrary pair ($ % has an even PC solution is
undecidable.

8 QG-HAAE® 3WREGPV IRU &ROM W U+
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The Post correspondence problem is a convenient tool for studying
undecidable questions for context-free languages. We illustrate this with a
few selected results.

TKHRWP

There exists no algorithm for deciding whether any given context-free
grammar is ambiguous.

3 BR RConsider two sequences of strings $=( 4, %,...., Z@and %= (Y, Y,
Qover some alphabet X. Choose a newset of distinct symbols B, D,...,
) such that

{RD..ynE=0,
and consider the two languages
ls={ZZpm- ZNARsx DR
and
Lo { Y- YORRRs D
Now look at the context-free grammar
*=({6 65642V {1, DB... 04,36,

where the set of productions 3is the union of the two subsets: The first set
3gconsists of



8.5 8k,

E"I.% —¥ iff‘f;-g.qt'!-;-|'-!t'iui.

,_L
Il

5

]

. T,

while the second set 3ghas the productions

S — Sg.
By suSgainas  I=l2em
Take
(16652 U{DD...00,35 6
and
Fop(1664,2U{D D,... [}, 340
then clearly
La=L(G4a),
L = L(GB),
and

(%)= TV /o

It is easy to see that * gand * oby themselves are unambiguous. If a

given string in /( *) ends with 0 then its derivation with grammar *

$must
have started with 6= Z,;6 PSimilarly, we can tell at any later stage which

rule has to be applied. Thus, if * is ambiguous it must be because there is a
Zfor which there are two derivations

; e 25 #
S =54 = wiSaa; = wiw; - - wrag - - - Qja; =W
3 3
and

*

8§ = 8p = wSpai = Wvy - VpGE - BGe = UK



Consequently, if * is ambiguous, then the Post correspondence problem
with the pair (§ %has a solution. Conversely, if * is unambiguous, then the
Post correspondence problem cannot have a solution.

If there existed an algorithm for solving the ambiguity problem, we
could adapt it to solve the Post correspondence problem as shown in Figure
12.14. But since there is no algorithm for the Post correspondence problem,
we conclude that the ambiguity problem is undecidable. m

|

YL J KU
PC algorithm.

G'is ambiguous

%, PC solution
4B s Construct & i--- ':lebigﬁlt}r
A - - = Mo PC solution
is not ambiguous

/KHRP

There exists no algorithm for deciding whether or not
I(*)n (%) =0

for arbitrary context-free grammars *; and *,.

3 R RTake as *; the grammar *, and as *, the grammar *y as defined in
the proof of Theorem 12.8. Suppose that / (*¢ and / (*o,) have a
common element, that is,

*.
|S‘A = H'I'E.tt._i' RO 'u"'k L',[Ir{' ) LI] LI?.
and

£ *
SB = vivj - - URAE - - Q4.



Then the pair (§ %has a PC solution. Conversely, if the pair does not have
a PC solution, then /(* ¢ and / (* ¢} cannot have a common element. We

conclude that / (* ¢)n /(* ) is nonempty if and only if ($§ % has a PC
solution. This reduction proves the theorem. m

There is a variety of other known results along these lines. Some of
them can be reduced to the Post correspondence problem, while others are
more easily solved by establishing different intermediate results first (see,
for example, Exercises 6 and 7 at the end of this section). We will not give
the arguments here, but point to some additional results in the exercises.

That there are many undecidable problems connected with context-free
languages seems surprising at first and shows that there are limitations to
computations in an area in which we might be tempted to try an algorithmic
approach. For example, it would be helpful if we could tell if a
programming language defined in BNF is ambiguous, or if two different
specifications of a language are in fact equivalent. But the results that have
been established tell us that this is not possible, and it would be a waste of
time to look for an algorithm for either of these tasks. Keep in mind that
this does not rule out the possibility that there may be ways of getting the
answer for specific cases or perhaps even most interesting ones. What the
undecidability results tell us is that there is no completely general algorithm
and that no matter how Many different cases a method can handle, there are
invariably some situations for which it will break down.

(; (5&,6(6

Prove the claim made in Theorem 12.8 that * gand * o,by themselves
are unambiguous.

Show that the problem of determining whether or not

I(*) € 1(*%y)

1s undecidable for context-free grammars *y, *».



Show that for arbitrary context-free grammars *; and *,, the problem
“I(*))n [(*,)is context-free” is undecidable.

Show that if the language / (* ¢) 1 /(* o) in Theorem 12.8 is regular,

then it must be empty. Use this to show that the problem “/ (*) is
regular” is undecidable for context-free *.

Let /| be a regular language and * a context-free grammar. Show that
the problem “/; € /( *)” is undecidable.

Let O be any Turing machine. We can assume without loss of
generality that every computation involves an even number of moves.
For any such computation

gowk x4 Faa b oo 20,
we can then construct the string
gow F bz b2l b b o2,
Thisiscalleda YDOLG FRPSXWDWLRQ

Show that for every O we can construct three context-free grammars
*1, *2, *3, such that

(a) the set of all valid computations is / (*{)rn /(*,), and

(b) the set of all invalid computations (that is, the complement of the
set of valid computations) is / ( *3).

Use the results to show that “/(*) = £*” is undecidable over the
domain of all context-free grammars *.

Let *; be a context-free grammar and *, a regular grammar. Is the
problem

[(*Dn [(*)=0



decidable?

Let *; and *, be grammars with *; regular. Is the problem
[(*)=1(%)

decidable when

(a) * ,1s unrestricted,
(b) when * , is context-free,

(c) when * , is regular?

T $ 4 XBMROR (I ILEHCR

As long as we are concerned only with computability or decidability, it
makes little difference what model of Turing machine we use. But when we
start looking at possible practical concerns, such as ease of implementation
or efficiency, significant distinctions appear quickly. Here are two examples
that give us a first look at these issues.

([DPSOH

In Example 9.7 we constructed a single-tape Turing machine for the
language

[= {2 Q1.

A look at that algorithm will show that for Z= D¥Rit takes roughly 2n
steps to match each a with the corresponding b. Therefore, the whole

computation takes 2 ( @) moves.
But, as we later indicated in Example 10.1, with a two-tape machine we

can use a different algorithm. We first copy all the a's to the second tape,
then match them against the b's on the first. The situation before and after



the copying is shown in Figure 12.15. Both the copying and the matching
can be done in 2( moves and is therefore much more efficient.

)L J XU

TQ_P: 1 a | - : claE] . | B Tap: 1 al |- s |a | B - . | B
Tape 2 Tapc2 |a|-|- |- |«
(a) Initial tapes (b) Tapes after copying of a's
([DPSOH

In Sections 5.2 and 6.3 we discussed the membership problem for context-
free languages. If we take the length of the input string Zas the problem
size n, then the exhaustive search takes 2 ( @) steps, where O depends on
the grammar. The more efficient CYK algorithm requires an amount of
work 2( Q). Both of these algorithms are deterministic.

A nondeterministic algorithm for this problem proceeds by simply
guessing which sequence of productions is applied in the derivation of Z If
we work with a grammar that has no unit- or A-productions, the length of
the derivation is essentially | 4, so we have an 2 ( Qalgorithm.

These examples suggest that efficiency questions are affected by the
type of Turing machine we use and that the issue of determinism versus
nondeterminism is a particularly crucial one. We will look at this in more
detail in Chapter 14.

(; (5&,6(6

Consider the language



/={Z22Z Ze { DE"}.
Discuss the construction and efficiency of algorithms for accepting / on

(a) a standard Turing machine,

(b) on a two-tape deterministic Turing machine,

(c) on a single-tape nondeterministic Turing machine,
(d) on a two-tape nondeterministic Turing machine.

Repeat Exercise 1 for

|={ZZZ Ze{DE"}.



